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Abstract: The eigenfunction expansion of a harmonic function in a slit domain around a singular point (end of the slit) 
is investigated and a boundary integral equation is used for the computation of the coefficients, in the case of a model 
problem. 
Keywords: Harmonic functions, series expansions, integral equations, numerical methods. 
1. Introduction 
Let D be a bounded domain, in the plane, having a straight slit S as a part of its boundary, 
the remaining part of which is denoted by L, as in Fig. 1. 
We consider the problem of finding the bounded harmonic function u in D, whose normal 
derivative on S vanishes, while on L, the values of u are given at some points and the values of 
the normal derivative are given at the other points. 
We shall concentrate on the numerical evaluation of the expansion coefficients in the series of 
eigenfunctions 
U(T, +) = f air-j cos j+ + bid+‘/* sin(j++)$; (--71<+<71), 
j=o 
the end of S, r = 0, being a singular point, in general. According to Schwarz’s symmetry 
principle the harmonic function u possesses an analytic continuation across S on two-sheet 
L 
/P 
S D 2c___ -> ‘I.8 D Sf 
Fig. 1. 
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Riemann surface obtained by connecting the upper edge of S in the upper sheet with the lower 
edge of the lower sheet and vice versa. This is seen by extending S into the segment S in D and 
dividing D in two parts. The northern part yields a symmetric continuation across S into a 
symmetric domain in the second, say lower, sheet, and the southern part of D gives a symmetric 
continuation across S into a symmetric domain in the same lower sheet. Now, just as the values 
of u and all its derivatives connect continuously on S, so will the continuations of u do on s” on 
the northern and southern parts of the lower sheet. Hence the harmonic continuation holds true 
on the complete lower sheet including S and S. 
The convergence of series (1) will be investigated and now integral representation of its 
coefficients will be obtained and used for computation. 
2. Convergence of the series expansion 
The eigenfunctions in (1) are readily obtained by variable separation in polar coordinates r, + 
We now inscribe in D a circle of radius R and center at the origin Y = 0, which is the singular 
point. Consider the trace of this circle on the two-sheet Riemann-surface. On it we let + run 
from -2~ to 2~, and u( R, C#J) belongs to C O3 in the interval - 27r < + 6 2a and moreover all 
derivatives take on the same value at $I = + 277, so that u( R, q5) belongs to C” on the whole 
+axis and is a periodic function with period 4a. This is in accordance with the fact that all the 
eigenfunctions in (l), with fixed r have the common period HIT, and not less than 47~. 
Thus we have the Fourier series 
u(R, +) = f a,* cOSj++b;C sin(j++)+, -27<+<22; 
j=O 
aJ=&/Iu(R,+)cos j$d+, j=1,2...; 
71 
bj* = &j-; u(R,+)sin(j+:)+d+, j=O,l,...; 
n 
(2) 
This series is incomplete because on1.y the cosines and sines share with u the property of being 
symmetric w.r.t. $I = *IT, which expresses the symmetric continuation across S. The functions 
cos( j + $)$ and sin j+ are antisymmetric w.r.t. + = + 71, and thus their coefficients vanish. 
Since u(R, C#B) belongs to C” as a periodic function, it follows that, for any positive number 
P, 
a;, b;” =O(j-“), j-+ 00. 
On the other hand, if series (1) represents u( R, $) for r = R; then 
a 
J 
= a *R-j = O( R-J-P), 
J 
bj=b;R-‘=O(R-Jj-P). 
Thus the series (l), for r < R; - IT G cp G T converges absolutely and uniformly and so represents 
a bounded harmonic function U(r, +) whose normal derivative on S vanishes. Moreover 
u( R, $I) = U( R, I$) and so it follows u( Y, +) = U( r, +) in the disc 0 < Y < R; -7 < + < IT. Hence 
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the series (1) converges absolutely and uniformly on that part of the Riemann surface cut off by 
the circle r = R and represents there the solution u and its harmonic continuation. 
3. Integral representation of the coefficients 
Beside the bounded eigenfunctions in (l), we have the unbounded eigenfunctions 
u,=log r, uj = rFJ cos j+, j= 1,2,...; 
w.=r-(j+l/*) sin(j+:)+, j=O,l,.... 
J (3) 
We now cut out of the domain D a small circle r = r, and call the remaining domain D,, to 
which we apply Green’s second formula. 
Thus 
(4) 
- 
for any two functions u, u harmonic in D,,, the closure of D,, and whose normal derivative on S 
vanishes. For u we shall take the solution of our problem and for u we shall choose one of the 
functions (3). In the r.h.s. of (4) one has to put r = r,, and we may use the series (1); moreover 
integration and summation may be interchanged in order, by uniform convergence. For u = uk 
(k = 1, 2,. . .), this integral equals 
-krckpl f ajr&-xjk + bjri+“*fiJk - t-ok E jajr~-‘cxJk + (j + :)bjrdhl’*bjk 
j=o i i j=O 
with 
J 
n 
ff’k = cos j+ * cos k+ d+ = Tajk, 
--71 
b’k = ,+” sin(j+:)+.cos k$d+=O. 
--n 
Thus equation (4) yields 
, k=l,2 ,.... 
A similar calculation with u = u0 = log r yields 
a, = 
In a similar manner we choose u = wk and obtain 
au awk wkan-uan ds, k=O,l,... . 
To make use of these formulae it is necessary to know u and au/an at every point of L. Since 
only one of these values is given, we therefore must evaluate the missing boundary values. 
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For simplicity, in the following, we shall consider the case where D is symmetrical w.r.t. the 
slit S and u is vanishing on S, the straight prolongation of S. Thus, by Schwarz’s symmetry 
principle and by harmonic continuation across S, u is antisymmetric w.r.t. S in every sheet of 
the Riemann surface. It follows that all coefficients aj vanish, and, denoting by D+ and Lf the 
northern halves of D and L respectively, we have 
j=o, I,... . 
The missing values of u or au/an on Lt will be computed by means of a boundary integral 
method, using a special fundamental solution of Laplace’s equation. 
4. Construction of a fundamental solution 
The simplest fundamental solution of the Laplace equation in the plane is (1/21~) log PQ, 
where P(r, +) and Q(p, 0) are two points in the domain. However using this solution for the 
representation of our harmonic function u in D+, the path of integration will include, not only 
L+ but also S and s” and thus the singular point r = 0. Of course this is not desirable in the 
boundary integral method. We now seek a fundamental solution K(P, Q) which satisfies the 
boundary conditions on S and on s” w.r.t. each point P and Q. 
Starting with series (1) in which the coefficients aj = 0 and bj are given by (5), we obtain, with 
r<R<p,<p, w,(p, 0) = p-(jtl/*) sin(j+ +)B, 
and after interchanging the order of integration and summation, owing to the uniform conver- 
gence of the series, 
K(P, Q>= -i E (‘) j+1/2sin(j+$)$.sin(j++)0 
/=o p j++ 
on L+, the following representation of u is obtained, 
u(p) = U(Y, c+) = l+Iu(Q) =(aPn’ ‘) -K(p> Q)y) ds. 
Now the series (6) may be summed by means of the complex variables 
z = (r/p) ei(‘-+); 5 = (r/p) ei(‘++), 
and we find 
K(P, Q) = & log 
1 - zl/* 1 + p/2 
1 + zv* . 1 - p* ’ 
and this expression has a meaning for any z # 1, l# 1. From the equalities 
(7) 
(8) 
PQ 1 - zi’* = PQ 
r + p - 2(rpp2 cos i(S + 4) ’ 1 1 + zi’* Y + p + 2(rpy* cos ge - cp) ’ 
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where Q and Q are symmetric w.r.t. S, we obtain 
K(J’, Q) = & log J’Q + g(P, Q>, 
with the regular harmonic function of P and Q, inside D+ 
~(P,Q)=&-(logP&l0g[(r+p+2(rp)‘/~cos~(B-+)) 
*(r+ p - 2(rp)l’? cos :(e + +),I). 
5. The integral equation on L + 
Letting P, in (7), tend to a point B on L+, we obtain 
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(9) 
Referring to the singular part of K in (9), we have 
jt?p L+ an s au log PQ ds = 1 au log PQ ds L+ alt 
because of the continuity on the boundary of a single layer potential. But for a double layer 
potential, we get 
where &( 2, Q) is a continuous function of Q even for Q = j, (see Appendix). In particular if j 
lies on a straight part of L+, then F, vanishes on that part. This happens in the model problem 
dealt with in the next section. Thus equation (11) becomes 
2u(ji> = s,.+f-( 6 Q) u(Q) ds - /L+@% Q) g(Q) ds, 
where F has the same continuity property as Fo. If u is given on the whole of L+, then the 
integral equation (12) is of the first kind, constituting an ill-posed problem with numerical 
difficulties involved, due to the ill-conditioned matrix of the corresponding linear system. If 
au/an is given on the whole arc Lf, then a second kind integral is involved which is a well-posed 
problem. Often, as in the model problem discussed in the last paragraph, a mixed boundary 
value problem is to be solved. Choosing a set of m points Pk on L+ and approximating the 
integrals in (12) as linear combinations of the unknown values of u or au/an at Pk, while 
computing as exactly as possible all integrals where u or au/an are given, we obtain a set of m 
linear equations for the m unknown values. Solving this system we now have values, exact or 
approximate, of u and au/an at all points Pk, which allow for the use of formula (5). 
6. The model problem 
The problem illustrated in Fig. 2 has been widely dealt with since the work of Motz [l]. The 
domain D+ is the rectangle - $IT < x < $r; 0 <<y < &T. The slit S is the segment - $IT < x < 0; 
218 J. Steinberg / Singular harmonic problem 
Fig. 2 
Table 1 
Computed boundary values of u 
N k=O 1 2 3 4 5 6 7 8 9 10 
7 0 25.13 39.001 58.02 71.00 81.11 88.02 89.08 92.31 99.01 110.31 
14 0 25.14 39.001 58.13 71.03 81.12 88.08 90.01 92.3 99 110.4 
28 0 25.14 39 58.1 71 81.11 88.1 90 92.4 99.1 110.5 
W-M 0 39 71 88 90 92 110 
N k=ll 12 13 14 15 16 17 18 19 20 
7 130.27 147.31 169.01 169.1 236.4 276.53 315.24 360.71 420.41 449.68 
14 130.3 148.01 169.31 183.11 236.1 276.24 316.1 362.41 412.6 453.6 
28 130.1 148.8 169.2 203.4 236.1 276.3 316.11 362.4 412.5 453.6 
W-M 147 203 276 362 453 
Table 2 
Computed boundary values of 8 u/an 
N k = 21 22 23 
7 209.41 209.32 210.24 
14 209.1 209.4 210.1 
28 209.01 209.1 210.09 
24 25 26 27 28 
215.76 219.21 222.8 225.8 
215.43 219.11 223.1 226.21 
215.4 219.12 223.3 226.3 231.7 
Table 3 
Computed coefficients b, 
bo 
319.0 
b, 
- 44.025 
b, 
5.559 
b, 
1.617 
b, 
0.2526 
b, 
- 0.04077 
bs 
0.03219 
b, 
0.01621 
b, 
0.005978 
b, 
0.001453 
y = 0; and the part s” of the boundary where u = 0 is the segment 0 G x 6 $rr; y = 0. The lateral 
sides of the rectangle have been divided in N equal parts and the upper side in 2N parts. The 
program has been run for N = 7, 14, 28 and Tables 1 and 2 contain the results obtained, some of 
which are compared with those of Wait and Mitchell [3] (W-M) and with those of Whiteman [4] 
(Wh). 
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Table 4 
Computed values of u on the slit 
r 
(13) 
Wh 
+6 a/28 3n/56 a/14 T/7 2a/7 3n/7 T/2 
76.15 108.5 134.0 155.9 227.6 343.0 447.3 498.6 
76.4 108.9 134.4 156.5 228 343 448 500.0 
The points Pk on the boundary, at which the Tables 1 and 2 refer correspond to N = 7 and 
k = 0, 1, _ . . ,28, and some of them are marked in Fig. 2. 
In Table 3 approximate values of the first 10 coefficients b, are displayed, according to 
formula (5), by using the trapezoidal rule. Table 4 gives the approximate values of u on the slit; 
they were computed by partial summation of the series 
U(Y, IT) = t-l’* f b,(-r)‘. (13) 
j=O 
7. Concluding remarks 
In the literature, the computation of expansion coefficients around a singular point is usually 
based on one of two methods. The first method consists in “subtracting off the singularity”; this 
means that instead of working with 
co 
u= c cjwj, 
j=O 
one formulates the problem for 
n-l 
u=u- c cjwj, 
;=o 
so that if the first unbounded derivative of u is 0( rp), then it is 0( rP+“) for u. In this way the 
first n coefficients cj are introduced as additional unknowns. Experience shows that the accuracy 
deteriorates rapidly with growing index j. 
The second method, based on finite elements, uses a few first terms of the series for u, in order 
to augment the trial function space. This practice again suffers from the same drawback as does 
the first method. 
In the method of the present paper, all the coefficients are represented by integrals in terms of 
the boundary values of u and of its normal derivative. 
Once all these values are known either exactly from the data or approximately from the 
integral equation, any coefficient is obtained by a quadrature formula. 
Appendix 
Let C be an arc in the plane, defined in parametric form x = x( 7); y = y( 7); a < 7 < b; where 
x(r), Y(T) are twice continuously differentiable and S’( 7) = [(x1)* + ( y’)*ll’* > 0 for a < T < b. 
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We consider a double layer potential 
u(P) = /P(Q)& 1s PQ ds, 
C 
where the point P is not on C and Q is a point running along C, with coordinates x(r), Y(r), 
while a/an denotes the normal derivative at Q. 
It is known, from potential theory, that if P is a fixed point on C, with coordinates x(t), Y(t), 
then, if P tends to j in the direction of the positive normal, 
lim U(P) = up + lcp(Q)& log jQ ds, 
P-P 
with 
F,(@, Q) = $ log PQ = Y’(4Mr) - x(t)1 - X’(d[Y(4 -Y(f)1 
S’(T) +Q2 
> 
7 _# t 
> 
;mpF,(p, Q) = $(I) = + x’(t)y”~~,;~;l’~(‘~y”r) 
where c(t) is the curvature of C at j. 
Thus the discontinuity of F,( P, Q) at Q = j is removable and so FO( @, Q) is defined as a 
continuous function of Q along C for any fixed point i, on C. It is easy to check that if x(r), 
y( 7) are linear, then F, = 0. 
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